Abstract. PBW deformations of Artin-Schelter regular algebras are skew Calabi-Yau. We prove that the Nakayama automorphisms of such PBW deformations can be obtained from their homogenizations. Some Calabi-Yau properties are generalized without Koszul assumption. We also show that the Nakayama automorphisms of such PBW deformations control Hopf actions on them.
Introduction
Skew Calabi-Yau algebras, as a generalization of Calabi-Yau algebras, attract lots of researchers to study. The latest paper [19] introduced a definition of graded skew Calabi-Yau category. Paralleling with Calabi-Yau algebras, [19, Theorem 3.5] presented that certain full triangulated subcategories of derived categories of a large class of algebras, which is called generalized Artin-Schelter Gorenstein algebras, are graded skew Calabi-Yau categories. Such algebras possess a kind of specific automorphisms called the Nakayama automorphisms. This is one of significant features of skew Calabi-Yau algebras. When restricted on connected graded case, skew Calabi-Yau algebras are just Artin-Schelter regular algebras. The recent papers [6, 16] showed the that Nakayama automorphisms control Hopf actions on Artin-Schelter regular algebras.
Since the Nakayama automorphism is a well behaved invariant, how to calculate becomes a primary issue. Fortunately, there are many homological identities to help obtain the Nakayama automorphisms of noetherian Artin-Schelter regular algebras (see [18] , for example). In [15] , the authors acquire the Nakayama automorphisms under Ore extensions. In fact, the Nakayama automorphisms of noetherian algebras are related to rigid dualizing complexes. Using the particular dualizing complexes, the paper [24, Proposition 6.18] proved that an algebra whose associated graded algebra is connected noetherian Artin-Schelter regular for some filtration is endowed with a Nakayama automorphism induced by the one of associated Rees algebra. PBW deformations of noetherian Artin-Schelter regular algebras satisfy those conditions, such as the Weyl algebras and the ungraded Down-Up algebras. The paper [8] told that such PBW deformations are skew Calabi-Yau algebras. In the case of Koszul and low dimension, paper [9] has described the Nakayama automorphisms of such PBW deformations explicitly. Those Nakayama automorphisms are induced by the ones of the Rees algebras, but the Rees algebras are not easy to deal with in general. Our plan from the beginning was to seek a handy method for calculating the Nakayama automorphisms of such PBW deformations.
We realize that homogenizations of PBW deformations will be one of the options that meet our requirements. By using the homogenizations, we give a different way to show, without noetherian assumption, that a PBW deformation of an Artin-Schelter regular algebra is skew Calabi-Yau with the Nakayama automorphism induced from the homogenization (see Theorem 2.3). The proof does not involve rigid dualizing complexes and localizations, and it is different from the method for the Rees algebras. This result is available and effective for computation in practice. Moreover, using the homogenization approach, we generalize some Calabi-Yau properties handily in Corollary 2.11.
In recent years, Hopf actions on low dimensional Artin-Schelter regular algebras have been made progress (see [6, 16] ). An extensive question is Hopf actions on filtered Artin-Schelter regular algebras. The case of 2-dimension has been done in [5] . However, it becomes a tough and tedious work even for 3-dimensional case. Analogous to [16] , we give some conditions to characterize Hopf algebras which act on PBW deformations of noetherian Artin-Schelter regular algebras. It implies their Nakayama automorphisms also control Hopf actions. We achieve it also with the help of homogenization.
Here is an outline of the paper. In Section 1, we recall definitions of skew Calabi-Yau algebras and Artin-Schelter regular algebras and review PBW deformations in briefly. Section 2 is devoted to calculating Nakayama automorphisms of PBW deformations of Artin-Schelter regular algebras. We reprove that the Weyl algebras are Calabi-Yau algebras and obtain the Nakayama automorphisms of ungraded Down-Up algebras and some other examples. We also generalize some Calabi-Yau properties without Koszul hypothesis. We mainly consider Hopf actions and give some conditions to determine whether Hopf algebras are group algebras in Section 3.
Throughout the paper, k is an algebraically closed field of characteristic 0. All algebras and Hopf algebras are over k. Unless otherwise stated, tensor product ⊗ means ⊗ k .
Preliminaries
Let A be an algebra, and let A e be the enveloping algebra A ⊗ A o where A o is the opposite algebra of A. Let M be a left (resp. right) A e -module, so it is a left and right A-module (resp.
A o -module). A left A e -module and a right A e -module can be identified because of A e ∼ = (A e ) o . For two automorphisms µ, ν of A, the twisted module µ M ν is defined such that it is just M as k-vector spaces, and the module structure becomes a * m * b = µ(a)mν(b) for any a, b ∈ A and m ∈ M .
Suppose A is also a graded algebra, that is, A = i∈Z A i . For any i ∈ Z, each element in A i is called homogeneous element with degree i. We say A is connected if A i = 0 for all i < 0 and A 0 = k. Let M be a left graded A-module. For some integer i, shift of M by degree i is M (i), defined by M (i) j = M i+j for any j. Let σ be a graded automorphism, then graded twisted algebra A σ is defined such that A σ = A as vector spaces, and the multiplication satisfying
(a) A is homologically smooth, that is, A has a finite length projective resolution as left A emodule such that each term is finitely generated; (b) there exists an automorphism µ of A such that
e -modules, where 1 denotes the identity map of A.
Remark 1.2.
(a) If an algebra A satisfies (1.1.1), then we say A has a Nakayama automorphism µ (always denoted by µ A ). It is unique up to inner automorphisms of A if it exists. (b) Suppose an algebra A has a Nakayama automorphism µ A . The proof of [24, Corollary 3.6] still works and implies µ A (z) = z for any central element z ∈ A. (c) An algebra A is Calabi-Yau (CY, for short) if and only if A is skew CY and the identity map is a Nakayama automorphism. (d) If A is a graded algebra, then the definition of skew CY algebra should be in the category of graded A e -modules, and (1.1.1) should be replaced by
for some l ∈ Z. The Nakayama automorphism µ is also a graded isomorphism. The theorem shows that AS-regular algebras are naturally endowed with Nakayama automorphisms. Actually, any noetherian AS-Gorenstein algebras have Nakayama automorphisms which can be characterized by balanced dualizing complexes. Van den Bergh introduced rigid dualizing complexes in [22] especially for ungraded noetherian algebras. It is easy to check that a noetherian algebra A has finite injective dimension with Nakayama automorphism µ A if and only if A has a rigid dualizing complex
as a complex concentrated in degree 0. The symbol [ ] means a shift of complex). Now we review the definition of PBW deformations. Let A = k X /(R) be a connected graded k-algebra generated by degree 1, where X = {x 1 , x 2 , · · · , x n } and R = {r 1 , r 2 , · · · , r s }. Let X * be the free monoid generated by X including 1. Define a new algebra U = k X /(P ), where
There is a canonical filtration on U induced by degree (or length) of monomials in X * . Let
where
The associated graded algebra gr U = i∈Z F i U/F i−1 U , and the associated Rees algebra Rees F U = i≥0 F i U t i . It is well known gr U ∼ = Rees F U/(t) and U ∼ = Rees F U/(1 − t). And we have a natural graded surjective homomorphism φ : A → gr U. Definition 1.5. Retain the notations above. We say U is a PBW deformation of A if φ is a graded isomorphism.
Papers [3, 7] presented the necessary and sufficient conditions on whether an algebra is a PBW deformation of Koszul algebra and of N -Koszul algebra respectively. In general, we can describe it by Gröbner basis. Let x 1 < x 2 < · · · < x n . Fix the ordering < on X * to be deg-lex order, that is, u < v if deg u < deg v or deg u = deg v and there exist factorizations u = rx i s, v = rx j t such that i < j where r, s, t ∈ X * for any u, v ∈ X * . Let f = s i=1 f i ∈ k X where each nonzero f i is a homogeneous polynomial and deg f 1 < deg f 2 < · · · < deg f s , we call f s the leading homogeneous polynomial of f , which is denoted by LH(f ). And for any set S of polynomials,
, where G is the Gröbner basis of (P ) with respect to <. In other words, U is a PBW deformation of A if and only if LH(G) is a Gröbner basis of (R) where G is the Gröbner basis of (P ).
The main property we needed for PBW deformations is the following result. Theorem 1.6. [8, Corollary 3.5] Let A be a connected graded noetherian skew CY algebra, and let U be a PBW deformation of A. Then U is a skew CY algebra. Remark 1.7. The proof of this theorem in [8] depends on rigid dualizing complexes. Hence it should be restricted on noetherian algebras which is lost in the original statement. We will give another proof in Theorem 2.3 without noetherian assumption.
Homogenizations and Nakayama automorphisms
In this section, we introduce the definition of homogenization algebras. Then using the homogenization algebras to compute the Nakayama automorphisms of PBW deformations of AS-regular algebras.
Denote the free algebra k X by F where X = {x 1 , x 2 , · · · , x n } with deg x i = 1. Consider the polynomial extension F [t] of F with deg t = 1. Let f be a polynomial of degree s in F , then f = s i=0 f i where each f i is a homogeneous polynomial of degree i. Now we define a corresponding element
. We say f t is the homogenization of f and the central element t is the homogenization element.
Definition 2.1. Retain the notations above. Let U = F/(f 1 , · · · , f m ) be an algebra, where
It is easy to know H(U )/(1−t) ∼ = U . If U is a PBW deformation of a connected graded algebra A, then H(U )/(t) ∼ = A ∼ = gr U . Firstly, we show that the Nakayama automorphisms of some algebras can be deduced form their regular central extension.
Lemma 2.2. Let B be an algebra with a Nakayama automorphism µ B . Suppose z is a regular central element in B such that B is a flat module over k [z] . Then B/(z) has a Nakayama automorphism µ B/(z) equals µ B when induced on B/(z).
Proof. Let d be the integer such that Ext
There exists a well-defined automorphism µB onB induced by µ B because of µ B (z) = z. We have a free resolution ofB as left B-modules which is also a resolution as right B-modules:
Similarly 
Since B is a right flat module over k[z], B and B e are right flat k[w]-modules. Thus complex
to D , the flatness of B and B e and the spectral sequence implies as left B e -modules
and Ext The main result of this section is the following, which is a new version of Theorem 1.6 with no noetherian assumption on the algebra A. Theorem 2.3. Let U be a PBW deformation of an AS-regular algebra A = k X /(R), H(U ) be the homogenization algebra of U . Then H(U ) is skew CY with the Nakayama automorphism µ H(U) , and U is skew CY with a Nakayama automorphism µ U induced by µ H(U) .
Proof. Write X = {x 1 , x 2 , · · · , x n } and H = H(U Then it remains to show that U has a Nakayama automorphism.
The element t is regular central and 1
and any nonzero element h ∈ H, it is easy to check that f h = 0 implies
Immediately, we have a CY property about U . Corollary 2.4. Let U be a PBW deformation of an AS-regular algebra A, and let H(U ) be the homogenization of U . If H(U ) is CY, then U and A are CY.
The following lemma is proved for N -Koszul algebras in [9] , we give a general situation.
Lemma 2.5. Let U be a PBW deformation of an AS-regular algebra A = k X /(R) with the Nakayama automorphism µ A . Then there exists a Nakayama automorphism µ U of U preserving the canonical filtration on U and gr(µ U ) = µ A .
In addition, if A is domain then the filtration-preserving Nakayama automorphism µ U is unique.
Proof. Write X = {x 1 , x 2 , · · · , x n } and µ A (x i ) = n j=1 a ij x j for some a ij ∈ k. Let H be the homogenization of U with the Nakayama automorphism of µ H . Since H/(t) ∼ = A and Lemma 2.2, we have µ H (x i ) = n j=1 a ij x j + b i t for some b i ∈ k. Now using Theorem 2.3, µ U (x i ) = n j=1 a ij x j + b i . It is a filtration preserving automorphism and gr(µ U ) = µ A .
Assume A is domain, so is U . Suppose µ U and µ ′ U are two Nakayama automorphisms of U preserving the filtration such that gr(µ U ) = gr(µ ′ U ) = µ A . However, the Nakayama automorphism is unique up to inner isomorphisms, there exists an invertible elements w in U such that µ U (x i ) = wµ
Although the filtration-preserving Nakayama automorphism of PBW deformation U is not unique in general, we always choose the Nakyama automorphism µ U of U as in Theorem 2.3 in the sequel. In this case, when the Nakayama automorphism µ H of homogenization H applies to the generators of H, µ H (x i ) has the form µ U (x i ) t for every x i ∈ X.
where q is a scalar in k × with the Nakayama automorphism sending x 1 → qx 1 and x 2 → q −1 x 2 . We consider PBW deformations of it. Assume q = 1. By definition,
are all PBW deformations where a, b, c ∈ k. Let H be the homogenization of
However, µ U is a well-defined algebra homomorphism, so it needs
has a Nakayama automorphism sending
In the following, we will find some examples whose Nakayama automorphisms of AS-regular algebras and ones of PBW deformations of them have the same form. Here are some general conditions. Proposition 2.7. Let X = {x 1 , x 2 , · · · , x n } and let U be a PBW deformation of an AS-regular algebra A = k X /(R). Let H be the homogenization of U . Assume the Nakayama automorphism µ A of A such that µ A (x i ) = n j=1 a ij x j for some a ij ∈ k and all i = 1, 2, · · · , n.
, then there exists a Nakyama automorphism µ U of U such that
a ij x j for any i = 1, · · · , n. (b) Let J be the Jordan canonical form of the matrix M = (a ij ). Suppose M has no eigenvalue 1, then there exists a basis {1,
Proof. By Lemma 2.2 and Theorem 2.3, the Nakayama automorphism µ H of H satisfies µ H (x i ) = n j=1 a ij x j +b i t and there exists a Nakayama automorphism µ U of U such that µ U (x i ) = n j=1 a ij x j + b i where b i ∈ k and i = 1, · · · , n.
(a) By Lemma 2.2, we have
when all maps are induced on H/(t 2 ). Thus µ H (x i ) = It has been proved that the Weyl algebras are CY in [1] . Also [5, 11, 15] gave different approaches to the conclusion. However, the proof of [1, 5] used the Koszul dual. The authors of [11] defined a kind of special quadratic algebras and studied the CY property of their PBW deformations which contains the Weyl algebras. A more general way to obtain the Nakayama automorphisms of the Weyl algebras is using Ore extension (see [15, Remark 4.2] ). Here we use homogenization to calculate the Nakayama automorphisms of the Weyl algebras.
. However the Nakayama automorphism of B is identity, so A n (k) is CY by Proposition 2.7(a).
Example 2.9. The Down-Up algebra A(α, β, γ) = k x 1 , x 2 /(f 1 , f 2 ) was introduced in [2] firstly, where
and α, β, γ ∈ k. We assume β = 0, so A(α, β, γ) is noetherian and A(α, β, 0) is 3-dimensional AS-regular ( [13] ). One can easily check that A(α, β, γ) is a PBW deformation of A(α, β, 0). Write B = A(α, β, 0) [t] . By Example A(6) in [16] , the Nakayama automorphism µ B of B satisfies
Let H be the homogenization of A(α, β, γ). Then H/(t 2 ) ∼ = B/(t 2 ). Now by Proposition 2.7(a),
we know the Nakayama automorphism of A(α, β, γ) is
Moreover, A(α, β, γ) is CY if and only if β = −1.
Following we investigate examples with non-diagonalizable Nakayama automorphisms. 
and C = k x 1 , x 2 /(g 1 , g 2 ) where
The element z = x 1 x 2 − x 2 x 1 is normal in both B and C. Then
By [18, Lemma 1.5], we have the Nakayama automorphism of B sending x 1 → −x 1 − x 2 , x 2 → −x 2 , and the Nakayama automorphism of C sending
. They are two PBW deformations of B and C respectively. Let H 1 , H 2 be the homogenizations of U 1 , U 2 respectively. Then z is still a normal element in H 1 and H 2 . Clearly,
By [18, Lemma 1.5] and Theorem 2.3, we obtain a Nakayama automorphism of U 1 sending
and a Nakayama automorphism of U 2 sending
We conclude this section by utilizing homogenization to a CY properties to general setting. In the proof, there is a homological identity involving the notation homological determinant. We only give a brief introduction to the definition. For the details, we refer to [12, Section 3] and [18, Section 3] .
Let A be a noetherian AS-Gorenstein algebra, and let K be a Hopf algebra. Suppose A is a left K-module algebra. The balanced dualizing complex of A is R ∼ = Corollary 2.11. Let A = k X /(R) be an AS-regular algebra with Nakayama automorphism µ A . Let U be a PBW deformation of A, and H be the homogenization of U . Proof. Set X = {x 1 , x 2 , · · · , x n }, R = {r 1 , r 2 , · · · , r m } and U = k X /(P ), where P = {r 1 ,r 2 , · · · ,r m }. 
hdetσ (z) = z. Thus, we have µ C = id C and A[z, µ A ] is CY. Now turn to the case of PBW deformation. Let H be the homogenization of U , and let H(D) be the homogenization of D = U [z, µ U ] whose generators are x 1 , x 2 , · · · , x n , z, t with the relations
. By the last assertion,
Hopf actions on PBW deformations
In this section, we consider finite dimensional Hopf algebras acting on PBW deformations of noetherian AS-regular algebras. Our main idea is transferring this question to their homogenizations. For the facts of Hopf algebras, we refer to [17] .
In the sequel, we always assume X = {x 1 , x 2 , · · · , x n }, A = k X /(R) is a noetherian AS-regular algebra generated by degree 1, U = k X /(P ) is a PBW deformation of A, H is the homogenization of U and µ A , µ U , µ H are the Nakayama automorphisms of A, U, H respectively. Let K be a finite dimensional Hopf algebra. There is a standard hypothesis for the rest of this section. Hypothesis 3.1. We assume that U is a left K-module algebra, K-action on U preserves the canonical filtration, and K acts on U inner faithfully, namely, there is no nonzero Hopf ideal I ⊂ H such that IU = 0.
We say that a right
inner faithful if and only if the right
Definition 3.2. Let K be a Hopf algebra, and B an algebra. Suppose K acts on B, then the fixed subalgebra of B defined by
Under the Hypothesis 3.1, it is clear that there exists a K-action on A naturally preserving grading. However, the K-action on A may be not inner faithful. There is an additional condition for the K-action on U in [5] , which is automatically satisfied if K is semisimple, to guarantee the inner faithfulness. Our approach is to give a natural K-action on H and this action inherits the inner faithfulness.
We distinguish the K-action on U and H by · and ⊲. Since g ⊲ f = (g · f ) t for any homogeneous f ∈ k X , the K-action on H is well-defined. It can be checked straightforward that K acts on H inner faithfully by definition. Conversely, any inner faithful Hopf action on H preserves grading such that t ∈ H K can induce an inner faithful Hopf action on U naturally. Hence, the problems of Hopf action on U are equivalent to the problems of Hopf action on H satisfying t ∈ H K . We say K-action on U has a trivial homological determinant if K-action on H has a trivial homological determinant.
The following result may be considered a version of filtered AS-Gorensteiness of the fixed subalgebras of PBW deformations.
Proof. Notice that t ∈ H K and g ⊲ f t = (g · f ) t for any f ∈ k X , g ∈ K. Others are clear.
We are interested in the question that when a Hopf algebra K acting on U is semisimple or a group algebra. In [16] , the authors gave lots of conditions to determine what finite dimensional Hopf algebras that act on noetherian AS-regular algebras are. Here, we have some analogues results to judge the same questions on PBW deformations of noetherian AS-regular algebras.
Since the K-action preserves the filtration, then
By coassociation, △(y ij ) = As the argument above Example 2.6, we choose the Nakayama automorphism µ U of U induced by the one of homogenization H. For convenience, suppose µ U (x i ) = 
is not a root of unity for all i = j and λ i is not a root of unity for all i. or (2) K is semisimple, K-action on U has trivial homological determinant (or K o -coaction has trivial homological codeterminant) and λ i = λ j for all i = j.
Then y ij = z i = 0 for all i = j. As a consequence, K is a finite dual of a group algebra and K is semisimple. In addition,
(a) If U has a relation of form
and m is non-negative integer for faithfulness, K is a finite dual of group algebra. As a consequence, K is semisimple.
(a) Assume
o . By the k-linearly independent, y ii y jj = 1.
(b) Similar to the proof of (a). Apply ρ U to r ij for all i < j, then we get y ii commutes with y jj . In other words, K o is commutative and cocommutative. so K is a commutative group algebra.
As an application, we consider the Hopf actions on PBW deformations of quantum plane. Partial result has been proved in [5, Corollary 5.8(a)].
Corollary 3.5. Let U = k x 1 , x 2 /(f ) be a PBW deformation of quantum plane k q [x 1 , x 2 ] with q = 1, where f = x 1 x 2 − qx 2 x 1 + ax 1 + bx 2 + c. Let K act on U satisfying Hypothesis 3.1. Then (a) If q is not a root of unity, then K is a commutative group algebra.
(b) Suppose K is semisimple and K-action on U has trivial homological determinant. If q = −1, then K is a commutative group algebra.
In the setting of (a) or (b), if further c = abq(1 − q) −1 , we have K ∼ = kZ m for some m.
Proof. Since q = 1, U is isomorphic to
So µ U (x 1 ) = qx 1 and µ U = q −1 x 2 by Example 2.6. Now (a) and (b) are obtained from Lemma 3.4
immediately. The right K o -coaction on U should be
for some commuting elements y 11 ,
where G is a group generated by y 11 . Then K is also a group algebra of cyclic group.
More precisely, g · x 1 = ξx 1 , g · x 2 = ξ −1 x 2 where ξ is a root of unity, if K = k g . 3.2. Non-diagonalizable. Next, we consider the non-diagonalizable case of J M .
Lemma 3.7. Suppose A is generated by two generators {x 1 , x 2 }.
(1) The Nakayama automorphism µ U satisfies x 1 → λx 1 + b 1 , x 2 → b 2 + ax 1 + λx 2 , for some λ, a ∈ k × , b 1 , b 2 ∈ k and λ = 1. Suppose K is semisimple and K-action on U has trivial homological determinant. Then K ∼ = kZ m for some m.
(2) The Nakayama automorphism µ U satisfies x 1 → x 1 + b 1 , x 2 → b 2 + ax 1 + x 2 for some a, b 1 ∈ k × and b 2 ∈ k. Then K is trivial (K ∼ = k).
Proof.
(1) By Proposition 2.7 and λ = 1, there exists a basis {1, v 1 , v 2 } of F 1 U such that µ U (v 1 ) = λv 1 and µ U (v 2 ) = λv 2 + v 1 .
Let H be the homogenization of U . The matrix corresponding to the Nakayama automorphism µ H of H with respect to the basis {t, v Corollary 3.8. Let U 1 and U 2 be ones defined in Example 2.10 and let finite dimensional Hopf algebras K 1 and K 2 act on U 1 and U 2 satisfying Hypothesis 3.1 respectively. Suppose K 1 is semisimple and K 1 -action on U 1 has trivial homological determinant. Then K 1 ∼ = kZ m for some m and K 2 is trivial.
Proof. It follows from Examples 2.10 and Lemma 3.7.
